Large-scale relativistic configuration-interaction method combined with many-body perturbation theory is consistently applied to calculations of the energy levels of the ground and inner-L-shell excited states of berylliumlike ions in the range 10 ≤ Z ≤ 92. The quantum electrodynamics, nuclear recoil, and frequency-dependent Breit corrections are taken into account. The obtained results are supplemented with the systematical estimation of the uncertainties.
I. INTRODUCTION
The development of high-precision physics of few-electron heavy ions in recent decades was motivated by testing quantum electrodynamics (QED) at strong fields, precise determination of the fundamental constants and searches for their time variation, provision of astrophysical investigations and other applications, see, e.g., the recent reviews [1] [2] [3] and references therein. The most advanced calculations of the binding energies of highly-charged ions are performed within ab initio QED approach and include all the corrections up to the second-order QED contributions. To date, these state-of-the-art calculations have been done for the ground and low-lying excited states of He-like [4] [5] [6] [7] , Li-like [8] [9] [10] , and B-like [11] [12] [13] ions. For Be-like ions, however, the QED calculations of this kind have been accomplished for the ground state only [14, 15] . The energies of the excited states of Be-like ions were studied previously within the various relativistic methods [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
The main goal of the present work is a high-precision evaluation of the electron-electron correlation effects for the ground and inner-L-shell excited states of Be-like ions within the Breit approximation. Berylliumlike ions are the simplest examples of atomic systems where both intrashell and intershell interactions are important. High-precision theoretical predictions require accurate evaluation of both kinds of interaction. To perform the calculations we employ the large-scale relativistic configuration-interaction (CI) method combined with many-body perturbation theory (PT) in the basis of Dirac-Sturm orbitals. Special attention is payed to a systematic estimation of the uncertainties of the obtained results. In order to obtain the total energy-level values, the CI energies are supplemented by the frequencydependent Breit and nuclear recoil corrections. The radiative QED effects are taken into account by means of the model QED operator approach [27, 28] . The calculations are carried out along the beryllium isoelectronic sequence with the nuclear charge number in the range 10 ≤ Z ≤ 92. All these data yield predictive results, i.e., the results with systematical estimations of numerical errors and uncertainties due to uncalculated effects. The obtained theoretical predictions of the transition energies provide a straightforward way for improving as soon as the higher-order QED corrections will be available.
The paper is organized as follows. In the next section, we give a brief outline of our approach and computation method. Section III presents the numerical results and the comparison with the previous theoretical calculations and available experimental data. The
where Ψ is the many-electron wave function. The DCB Hamiltonian in the "no-pair" approximation is conventionally defined by
where the indices i and j numerate the electrons, h D is the one-particle Dirac Hamiltonian,
α α α and β are the Dirac matrices, p p p is the momentum operator, m is the electron mass, V nucl is the binding potential of the nucleus, V C and V B are the Coulomb part and the frequencyindependent Breit part of the electron-electron interaction, respectively,
Here α is the fine structure constant, r ij = |r r r ij | = |r r r i − r r r j |, r r r i is the position vector of the i-th electron. Λ (+) in Eq. (2) is the product of the one-electron projectors on the positiveenergy states which correspond to some one-particle Dirac Hamiltonianh D , which does not necessarily coincide with (4) . In principle, the Hamiltonianh D may include even nonlocal parts, e.g., the Dirac-Fock-Sturm operator. However, having in mind that the results of the present work are supposed to be merged with the anticipated rigorous QED calculations, in the present work we define the operatorh D as follows
where V scr (r) is the local screening potential which models the interelectronic interaction.
Varying the screening potential V scr (r) in Eq. (7) modifies the definition of the positiveenergy-states projection operator Λ (+) and, therefore, slightly influences the solutions of the DCB equation (1) . This small ambiguity in the DCB results is determined by the arbitrariness of the realization of the "no-pair" approximation and can be fully eliminated only within the rigorous bound-state QED approach. The uncertainty related to the ambiguity is kept under control in the present work.
In the present study, we treat the correlations within the framework of the large-scale CI approach with the configuration-state-function space which includes the quadruple excitations from the reference state(s). In order to obtain the high-precision DCB energies, we combine this approach with the many-body PT and the CI+PT [29, 30] methods. High-precision calculations must take into account all types of the correlations: the valence-valence, the core-valence, and the core-core ones. Within the CI+PT method, the configuration-interaction calculations are carried out for the valence electrons while the residual core-valence and core-core interaction is treated by means of the many-body perturbation theory taking into account the contributions up to the third order. In contrast to the CI approach, for a given set of the configuration-state functions the PT and CI+PT methods provide only an approximate solution of Eq. (1), treating the interelectronic-interaction effects incompletely. However, PT and CI+PT calculations can be performed employing the much more saturated basis sets and, therefore, provide corrections, which can be used to improve the final CI results. The PT series in the present work are constructed employing the initial approximation, which is chosen to be consistent with the definition of the Hamiltonian (7). That is, the zeroth-order approximation in PT calculations corresponds to the First, we should take into account the frequency-dependent Breit correction. This correction can be obtained by using the full Coulomb-gauge QED interelectronic-interaction operator (see, e.g. Ref. [27] and references therein) instead of the Coulomb V C and standard Breit V B interactions in Eq. (2) . Following Ref. [31] , in order to avoid the spurious effects, we perform this substitution only for the DCB Hamiltonian matrix elements with the reference-state wave functions. The uncertainty due to the omitted higher-order QED electron-correlation contributions is conservatively estimated to be ±α 2 (αZ) 3 m r.u.
or ±(αZ) 3 a.u.. According to the available data for helium-, lithium-, and berylliumlike ions this estimation appears to be reliable.
The self-energy and vacuum-polarization corrections are treated by means of the model QED (QEDMOD) operator h QED [27, 28] included into the DCB Hamiltonian (2). Taking the difference between the CI energies evaluated with and without h QED , we obtain the QED correction to the total energy. If the evaluation is carried out with the Dirac-Coulomb basis set, this approach takes into account the QED effects to zeroth order in 1/Z completely.
The screened QED contributions of the first and higher orders in 1/Z are treated in this way only approximately. In order to estimate the accuracy of the method we compared the screening effects evaluated employing the QEDMOD approach with the rigorous QED calculations of the first order in the interelectronic interaction for He-like ions [6] , Li-like ions [9] and the available states of Be-like ions [14, 15, 25, 26] . Finally, we estimate the uncertainty of the screened QED effects calculated to be at the level of 15% for neon and growing linearly up to 30% for uranium. This also includes the uncertainty due to omitted two-loop one-electron QED effects.
C. Nuclear recoil effect
The nuclear recoil correction to the DCB energy accounts for the finite mass of the nucleus. The fully relativistic theory of the recoil effect can be formulated only within QED [32] [33] [34] [35] . In the lowest-order relativistic approximation and in the first order in the electron-to-nucleus mass ratio m/M the nuclear recoil effect on the binding energy can be treated exploiting the following mass shift (MS) Hamiltonian [32, 33, 36 ]
In the present paper, the energy shifts due to the nuclear recoil effect are evaluated as the expectation value of the MS Hamiltonian (8) with the solutions of the DCB equation (1) [37],
The QED nuclear recoil corrections can be comparable in magnitude to the results obtained within the lowest-order relativistic approximation for high-Z ions, see, e.g., Ref. [38] [39] [40] [41] . In the present work, we omit these corrections since they are negligible compared to the uncertainty of the other QED contributions. The QED nuclear recoil effect on the binding energies of Be-like ions, in principle, can be estimated within the independent-electron approximation using the results presented in Ref. [41] .
III. RESULTS AND DISCUSSION
In the present work, the numerical procedure of solving the DCB equation (1) is based on the CI method in the basis of the four-component Dirac-Sturm (DS) orbitals [37, 42] .
The employed one-electron basis set consists of the eigenfunctions of the Dirac equation with the Hamiltonian (7) for the K and L shells and the solutions of the corresponding Dirac-Sturm equation for the other orbitals. Then, the projection operator Λ (+) in Eq. (2) is The direct application of the CI method for Be-like ions leads to time-consuming computational task which demands significant resources to be used. Meanwhile, the major part of the interelectronic interaction can be captured by means of the lowest orders of the manybody PT which allows one to perform the calculations with the larger basis sets at the same cost. Therefore, in order to reach high accuracy, in the present work the CI method was combined with the many-body PT (up to the third order) and the CI+PT approaches [29] .
The numerical scheme to evaluate the DCB energies can be briefly described as follows. At the first stage, we perform the calculations of the second order of the PT taking into account all kinds of the single (S) and double (D) excitations (PT2 SD) (the zeroth (PT0) and first (PT1) orders are trivial). In Table I , the contributions of the second order of the PT to the ground-state energy of berylliumlike neon (Z = 10) are presented as an example. We carry out a series of calculations with different bases and analyze the successive increments as the basis is enlarged. In our analysis, we study the dependence of the obtained results on the parameter L max , which is the maximum value of the orbital quantum number for the DS orbitals, and the parameter N max , which is the number of the DS orbitals for each L. By extending the basis set and taking the differences between the results, we identify the contributions of the individual partial waves and check the stability of the results for each orbital number L with regard to the number of the basis functions. The L max → ∞ extrapolation is done by polynomial least-square fitting in 1/L. Finally, the extrapolation to the case N max → ∞ is performed in the same way.
In Table II For instance, the term labeled with "PT3 SD" in Table II is obtained by performing the PT calculations up to the third order including the SD excitations and subtracting the PT0, PT1 and PT2 SD values evaluated using the same basis. Since the Rayleigh-Schrödinger PT is employed, the PT3 SD term is just the PT contribution of the third order. Having performed the PT calculations, at the next stage we apply the CI and CI+PT methods in order to take into account the higher-order interelectronic-interaction effects. First, we restrict the configuration space to the SD excitations only. In the CI+PT method the configuration space is divided into a smaller subspace for the CI calculations and its orthogonal complement which is treated perturbatively. When the smaller CI subspace is constructed, only the excitations from the n = 2 orbitals of the reference state(s) into the virtual shells with 2 n 6 are considered. Having completed the CI calculations, the interaction with the orthogonal complement is evaluated by the PT taking into account all the contributions up to the third order. To extract the correction to the contributions calculated at the previous stage, we take the difference between the results obtained for the identical basis within the CI+PT3 SD and PT3 SD approaches. The corresponding corrections are labeled "CI+PT3 SD" in Table II . The CI+PT3 SD term provides the correction to the PT energy which is induced by the most important configurations. After this, employing the identical configuration spaces and considering the difference of the values calculated within the CI and CI+PT3 approaches, we extract the CI contribution for the configurations which hold the highly-excited virtual orbitals. The latter correction is indicated as "CI SD" in Table II .
Then we gradually expand the configuration space of the initial problem by considering the triple (T) and quadruple (Q) excitations. Following the same procedure, we obtain the CI+PT3 T, CI T, CI+PT3 Q, and CI Q corrections, see Table II . Finally, summing up all the contributions listed in Table II we obtain the total value of the DCB energy for a given state.
In our CI+PT calculations, namely the CI+PT3 SD, CI+PT3 T, and CI+PT3 Q, we limit the basis set with (L max = 5, N max = 25). Since the nonperturbative treatment of the 1s orbitals and the highly-excited virtual orbitals considerably increases the configuration space we restrict the basis sets parameters for CI T and CI Q calculations to (L max = 3, N max = 25) and (L max = 2, N max = 25), respectively. From Table II In order to illustrate the dependence of the obtained DCB energies on the realization of the "no-pair" approximation (see the discussion after Eq. (2)) we have performed the calculations for Be-like neon and uranium starting from the different initial approximations.
In addition to the LDF potential introduced in Eq. (7), we have evaluated the DCB energies for the core-Hartree potential induced by the 1s 2 closed shell as well. The results for the DCB energies without and with the frequency-dependent Breit correction are presented in only by considering the excitations into the negative-energy continuum within the rigorous QED approach. In the following, this ambiguity of the DCB results is kept under control and covered by our estimation of the higher-order QED electron-correlation contributions which is shown in the last column of Table III .
In Table IV we present the results for the DCB energies of the ground and inner-L-shell excited states of Be-like ions with the frequency-dependent Breit correction included (the DCB energies without this correction can be found in third column of Table V) . For the ground state the total energies are listed whereas for the excited states the energies relative to the ground state are given. The presented uncertainties are of purely numerical origin.
Sometimes the behavior of the uncertainties is not smooth enough when nuclear charge Z changes. As it was noted above, the error bar is determined mainly by the convergence of the PT, which is a little bit better for some Z and states and a little bit worse for the others. We intentionally do not use any correction procedure and suppose that the uncertainty is reliable anyway. There exist many nonrelativistic and relativistic calculations of the correlation effects for berylliumlike ions in the literature [16] [17] [18] [19] [20] [21] [22] [23] [24] 45] . We compare our results with the most accurate ones: the CI calculations by Yerokhin et al. for Belike argon [26] and iron [25] , the CI calculations by Cheng et al. [22] , the many-body PT calculations by Safronova et al. [16, 18] , and our previous ab initio QED evaluation of the ground-state energy [14] . We find our results to be in reasonable agreement with the previous ones, and have better numerical accuracy. Since the authors use different "no-pair" approximations, one can not expect to obtain the agreement better than the corresponding ambiguity.
Finally, in Table V we collect the DCB, frequency-dependent Breit, QEDMOD, and nuclear recoil contributions to the total energies of the ground and inner-L-shell excited states of Be-like ions. As in Table IV , for the ground state the total energies are given while for the excited states the energies relative to the ground state are shown. The DCB energies are presented with the numerical uncertainty (in the first brackets) as well as with the uncertainty due to the finite nuclear size effect (in the second brackets). The last one is conservatively estimated by adding quadratically two contributions. The first contribution is obtained by varying the root-mean-square nuclear radius within the error bars given in Ref. [44] , and the second one is obtained by changing the model of the nuclear-charge distribution from the Fermi one to the homogeneously-charged-sphere model. In the case of uranium, we also take into account the nuclear deformation effect in accordance with the results of Ref. [46] . The column labeled "Breit(ω)" represents the frequency-dependent Breit contribution. The next two columns contain the QEDMOD and nuclear recoil contributions, respectively. The final uncertainty is mainly determined by the omitted higher-order QED electron-correlation contributions, see the discussion in subsection II B. Its estimation is included in the uncertainty of the "Total" values in addition to the previously discussed ones. The obtained results are in reasonable agreement with the previous calculations, the data from the NIST Atomic Spectra Database [47] , and the available experimental values [48, 49] . We consider our calculations as the best ones available, and our conservative estimation of the uncertainty can only be reduced by rigorous evaluation of the higher-order QED contributions.
IV. CONCLUSION
To summarize, we have performed the systematic relativistic calculations of the ground and inner-L-shell excited energy levels of berylliumlike ions from neon to uranium. The main feature of the work is the high-precision evaluation of the Dirac-Coulomb-Breit contribution based on the large-scale relativistic configuration-interaction method combined with the perturbation theory and are supplemented with the systematic estimation of the uncertainties.
In order to estimate the uncertainties of the CI energies, we have thoroughly analyzed the successive increments of the results obtained with the sets of configuration-state functions increased in all possible directions. The DCB energies are combined with the separately computed corrections: frequency-dependent Breit, QED (using the model QED operator), and nuclear recoil (using the relativistic mass shift operator). All our theoretical predictions are given with the uncertainties that include the estimation of the effects omitted in the present theoretical treatment. For the energy of the ground state, our results agree well with the benchmark theoretical data available in the literature [14] . For the transition energies, our theoretical approach provides the most precise values for berylliumlike ions in the range Z = 10-92. For Be-like argon and iron our estimation of the omitted QED contributions is performed in a more conservative way than in Refs. [25, 26] . The total accuracy for all Z is determined by the uncalculated contributions of the higher-order QED effects and can be improved as soon as these corrections are calculated.
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